Abstract. Four mutually tangent spheres form two gaps. In each of these, one can inscribe in a unique way four mutually tangent spheres such that each one of these spheres is tangent to exactly three of the original spheres. Repeating the process gives rise to a generalized Apollonian sphere packing. These packings have remarkable properties. One of them is the local to global principle and will be proven in this paper.
Introduction
Theorem 1. Four mutually tangent spheres form two gaps. In each of these gaps, there is a unique way to inscribe four mutually tangent spheres in such a way that, for each one of these spheres, there is exactly one of the original spheres that is not tangent to this one (and the non-tangent sphere is different for each of the four inscribed spheres).
Example.
Consider the planes z = 1 and z = −1 and the 2 spheres of radius 1 and centers (−1, −1, 0) and (−1, 1, 0). These form a set of 4 mutually tangent spheres, which define two gaps, in each of which we can inscribe 4 spheres according to the procedure defined before.
In one of the gaps, the two spheres of radius 1 and centers (1, 1, 0) and (1, −1, 0), and the two spheres of radius Proof of Theorem 1. Using a Möbius transformation, a rotation, a translation and a scaling, one can transform any configuration of four mutually tangent spheres into the configuration seen in Example 1. In this case, the result can be proven using simple geometry.
Thus, in either of the two gaps formed by four mutually tangent spheres, we can pack four more spheres, forming an octuple. In each octuple, the spheres come in four pairs: each sphere can be paired with the only sphere in the octuple which does not touch it. The spheres of a pair do not touch each other, but are tangent to all the six other spheres in the octuple. Now, pick four mutually tangent spheres amongst those in the octuple. They again form two gaps, in which, using Theorem 1, we can pack four new spheres. Repeating the process results in what we will call a generalized Apollonian sphere packing.
This construction is a generalization to the 3-dimensional case of the work of Guettler and Mallows in [GM10] . Analogously to the classical Apollonian circle or sphere packings, and to the generalized Apollonian circle packings, this kind of constructions is the source of several questions. One of them, which will be tackled here, concerns the curvatures (the inverses of the radii) of the spheres appearing in the packing.
The first section will be dedicated to generalities. It will be shown that the curvatures can be described using the orbit under the action of a certain group of integral matrices on a certain vector depending on the packing. This will allow us to study the case of integral sphere packings, in which the spheres all have integer curvatures.
In the second section, we will use a method due to Sarnak [Sar08] to prove the local-global principle for generalized Apollonian sphere packings. This method was originally used in an attempt to prove the strong positive density conjecture for Apollonian circle packings. It happened to be insufficient, and the proof needed further work by Bourgain and Fuchs [BF11] and then Bourgain and Kontorovich [BK12] . In the case of sphere packings, and similarly to the work of Kontorovich on the classical Apollonian sphere packings [Kon12], Sarnak's method happens to be strong enough, as being in a 3-dimensional case adds more variables to the problem which ultimately comes to studying the integers represented by a quadratic form.
It should be noted that a similar, but independent, proof has been very recently submitted on arXiv by K. Nakamura [Nak14] .
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Generalities
We begin with some generalities about generalized Apollonian sphere packings. Most of this section is a direct generalization of [GM10] . Their notations and method will be used here.
A sphere S of curvature (or bend) b (the inverse of its radius) and center (x, y, z) can be described by its "augmented bend, bend*center" (abbc) coordinates a(S) = (b, b, bx, by, bz), where b is the curvature of the sphere that is the inverse of S in the unit sphere, that is
For planes, which are considered as spheres of infinite radius, this definition needs to be modified. If our plane has equation p 1 x + p 2 y + p 3 z = h, with (p 1 , p 2 , p 3 ) a unit vector, we define its abbc coordinates to be (2h, 0, p 1 , p 2 , p 3 ).
Octuples of spheres.
In the following, an octuple configuration will denote a set of eight spheres obtained from the procedure of Theorem 1. As explained in the introduction, an octuple can be seen as a set of four pairs of spheres, where a pair of spheres consists in a sphere in the octuple and the only sphere that is not tangent to it. The spheres in a pair will usually be denoted by S and S .
Remark 1 : In the case where we have an outer sphere enclosing the seven other spheres, this sphere will be given a negative curvature. There can only be one sphere with a negative curvature in an octuple (and in a packing).
Lemma 1. Let S 1 and S 2 be two spheres. Then,
= −1 if S 1 and S 2 are externally tangent.
Proof. Easy computations.
Remark 2 : If, as in Remark 1, we define the curvature of the outer sphere to be negative, we still have a(S 1 )Wa(S 2 ) t = −1 if the spheres are internally tangent.
Lemma 2. Let S and S be two non-tangent spheres in an octuple configuration. Then,
Proof. This can be easily proven for the octuple introduced in the previous example. Any octuple can be seen as the image by a Möbius transformation of this configuration, i.e., a composition of rotations, translations, scalings and inversions in the unit sphere. Thus, we just have to study the effect of rotations, translations, scalings and inversions in the unit sphere on the abbc coordinates of a sphere.
Let a(S) be the abbc coordinates of a sphere S. Then, 
Now, it can easily be checked that mWm t = W for any of the previous matrices.
Lemma 3. In an octuple containing the spheres S 1 and S 1 , S 2 and S 2 , S 3 and S 3 , S 4 and S 4 , we have
From Lemmas 1 and 2, we have that w i Ww t j = −1 for every 1 ≤ i, j ≤ 4. Therefore, if F j is the 5 × 5 matrix with rows a(S 1 ), a(S 2 ), a(S 3 ), a(S 4 ) and w j , we have
This gives us that F i = F j for every 1 ≤ i, j ≤ 4. This implies that w i = w j for every 1 ≤ i, j ≤ 4.
This result allows us to use the following convenient representation of any octuple.
Definition 1. Given an octuple containing the spheres S 1 and S 1 , S 2 and S 2 , S 3 and S 3 , S 4 and S 4 , we define a matrix F associated to the octuple to be a matrix whose first four rows are the abbc coordinates of four of the spheres (one from each pair) and the fifth row is the average of the abbc coordinates of the two spheres of any pair.
Remark 3 : Since we can choose the pairs in different orders and since we have two choices of a representative for each pair, there are (at most) 384 different F matrices associated to the same octuple.
Theorem 2. Let S 1 , S 2 , S 3 and S 4 be four mutually tangent spheres with respective curvatures b 1 , b 2 , b 3 , b 4 , enclosing two gaps. Then, the curvatures of the two sets of four spheres that can be inscribed in these gaps are given by (2ω
where ω and ω are the roots of
Proof. Using (1), we have that
Looking at the (2, 2) element of this equation gives us (2).
Generalized sphere packings.
Given four mutually tangent spheres, enclosing two gaps, we have a unique way to inscribe four mutually tangent spheres in each of these gaps using the construction of Theorem 1. The four original mutually tangent spheres belong to two different octuples. Equation (2) of Theorem 2 allows us to pass from one to another, since it implies that ω
More precisely, if F is the matrix associated to one of these octuples, with its first four rows containing the abbc coordinates of the four original spheres, then the other octuple can be described by the matrix A 5 · F, where
Any octuple of spheres is described by a matrix F, which explicitly gives the abbc coordinates of four of the spheres in the octuples. Using the definition of the last row of F, the abbc coordinates of the other spheres can be retrieved by looking at the products A i · F, 1 ≤ i ≤ 4, where 
Repeating the process of inscribing spheres in the gaps results in a generalized Apollonian sphere packings. Therefore, the set of abbc coordinates of spheres in the packing is exactly the set of the first four coordinates of matrices in the orbit A · F, where A is the group
Remark 4 : The packing can be constructed from any octuple it contains.
Lemma 4. If the curvatures of any octuple in a generalized Apollonian sphere packing are integers (or, equivalently, the second column of a matrix F associated to this octuple has integer coordinates), then the same holds for all the spheres in the packing. Such a packing is called an integral generalized Apollonian sphere packing.
If the curvatures of any octuple in an integral generalized Apollonian sphere packing are coprime (or, equivalently, the second column of a matrix F associated to this octuple has coprime coordinates), then the same holds for any octuple in the packing. Such a packing is called a primitive integral generalized Apollonian sphere packing.
) be any integral octuple in the packing and ω the average of the curvatures in each pair. We have 2ω ∈ Z. Now, from (2), we also have that 2ω 2 ∈ Z. Therefore, ω ∈ Z. Reciprocally, if ω ∈ Z and b 0 , b 1 , b 2 , b 3 , b 4 are all integers, the same holds for all the spheres in the octuple.
Hence, the integrality of an octuple of curvatures is the same as the integrality of the second column of the matrix associated to this octuple.
The group A is generated by matrices with integer coefficients. Therefore, if the second column of a matrix F associated to some octuple in the packing has integer coordinates, the same will be true for the second column of the matrix associated to any octuple in the packing, since we just have to look at matrices in the orbit A · F.
Suppose that the octuple (b
But it cannot be 2, since from (2) we would have 2|ω and then gcd(
Now, one can easily see that the multiplication by any matrix of A does not change the gcd of (b 1 , b 2 , b 3 , b 4 , ω). Proof. From the previous lemma, the two odd curvatures of our starting octuple are congruent modulo 4. Now, one can easily check that, since ω is odd, none of the matrices of A changes the residue modulo 4 of an odd element.
Similarly to the classical Apollonian circle or sphere packing case, or to the generalized Apollonian circle packing case, we can define the notion of root octuple, which is the "minimal" octuple in the packing, in the sense that it describes the biggest spheres in the packing (it is the octuple with the smallest ω).
Definition 2. Let v t = (a, b, c, d, ω) be an octuple in the packing P. v t is said to be a root octuple if
Remark 5 : Analogously to the classical Apollonian circle or sphere packing case, or to the generalized Apollonian circle packing case, the root octuple is unique. Like in these kinds of packings, there is a reduction algorithm that allows us, from any octuple in P, to find the root octuple.
The local-global principle
In this section, we will use a method of Sarnark [Sar08] to prove the local-global principle for integral generalized Apollonian sphere packings. We are only interested in the curvatures and no longer need to use the full matrix F associated to an octuple. We will only focus on the second column of this matrix, in which the first four coordinates are the curvatures of four spheres (one in each pair) in the octuple and the fifth coordinate is the average of the curvatures in each pair. 
where f a0 is the following positive definite integral quaternary quadratic form
Proof. As seen before, the set of curvatures of spheres in the packing is exactly the set of the first four coordinates of vectors in the orbit A · v t P .
We will focus on the smaller orbit A 1 · v t P , where
This subgroup of A leaves the first coordinate of any vector invariant. Using Theorem 2, we know that, for any vector (a 0 , b, c, d, ω) in this orbit, 
Proceeding as in Chapter 13.9 of [Cas78] or as in [Kon12] , we have the morphism
Then, we have
. A brute force search gives
This set of matrices generates the following subgroup of the Picard group P SL 2 (Z[i])
where Γ(2) is the principal congruence subgroup of
More precisely, as proven in [FN87] , Γ(2) is the normal closure of 1 2 0 1 ,
Since the generators of P SL 2 (Z[i]) are known, one can compute all the conjugates and show that the matrices above generate a normal subgroup of P SL 2 (Z[i]), which therefore contains Γ(2), hence contains Ξ.
Therefore,
From Lemma 5, we know that this vector has integer coordinates. Using the definition of ρ, we have that the set of vectors of the form
forms an explicit subset of the orbit Γ.u t 0 .
Considering the change of variables we used, the integers of the form x 2 − a 0 , x 3 − a 0 , x 4 − a 0 and x 5 − a 0 , when (x 2 , x 3 , x 4 , x 5 ) t runs through the orbit Γ.u 
is a subset of the set of curvatures in the packing. Since, from our choice of v t P , A 0 = a 0 + b 0 is odd, if m is an odd integer which can be written m = f a0 (x, y, z, t) with x + iy and z + it coprime in Z[i], we automatically have that x and y are not of the same parity, i.e., that x + iy ≡ 1 or i mod 2. and one can check that f a0 is positive definite (since A 0 is positive, all the leading principal minors are positive).
Remark 7 : Let z = z 1 + iz 2 ∈ Z[i]. Then,
3.1. The integers Z[i]-primitively represented by f a0 . We will study the integers coprime to disc(f a0 ) which can be written as m = f a0 (x, y, z, t) = f a0 (x + iy, z + it) with x + iy and z + it coprime in Z 
.
Using (6), we can invert this relation for every ε > 0, where
The implied constant depends only on ε.
From this and (7), we obtain Therefore, the error term is O(m 3 4 +ε ) for any ε > 0.
The main term.
To get a more explicit expression for the main term, we need a better understanding of the local densities δ p ( m N(I) ). This can be achieved using the following lemma (see, for example, [Sie35] ).
where v p (m) is such that p vp(m) ||m. Proof.
Proof. Using Lemma 8 and Lemma 9,
Therefore, the main term is given by with
We now have to show that S(m) is bounded away from zero. Using Lemma 8,
It remains to prove that δ p (m) is bounded away from zero for the finite set of primes p|disc(f a0 ).
Using Lemma 13 of [Sie35] , for p = 2, δ p (m) = p −3 |x ∈ (Z/pZ) 4 such that f a0 (x) ≡ m mod p|.
But, by assumption, there exist solutions to f a0 (x) ≡ m mod p, therefore δ p (m) > 0 for those p.
Finally, using Lemma 13 of [Sie35] again, for p = 2, δ 2 (m) = 1 512 |x ∈ (Z/8Z) 4 such that f a0 (x) ≡ m mod 8|. As before, this is positive.
Theorem 6 (The local-global principle). Let S = {n ∈ Z, n > 0 such that n ≡ b 0 mod 4} .
Then, an integer m large enough with gcd(m, a 0 ) = 1 is the curvature of some sphere in the packing if and only if m ∈ S.
Proof. We will look for the integers m satisfying the following conditions:
• m + a 0 is odd, • gcd(m + a 0 , disc(f a0 )) = 1, • m + a 0 is represented by f a0 modulo 8 and modulo any odd prime dividing the discriminant.
From our choice of v t P , a 0 + b 0 is odd. As seen before, this implies that f a0 will only Z[i]-primitively represent odd values. That is why we need m + a 0 to be odd.
We also want gcd(m + a 0 , disc(f a0 )) = gcd(m + a 0 , 16a We want m + a 0 to be represented by f a0 modulo 8. But, since A 0 is odd, it is easy to check that f a0 represents exactly the two odd classes modulo 8, A 0 and 5A 0 mod 8. We can therefore just look modulo 4, and m + a 0 needs to be in the class A 0 mod 4, i.e., m ≡ b 0 mod 4. Notice that this condition contains the condition m + a 0 odd.
We want m + a 0 to be represented by f a0 modulo any odd prime dividing the discriminant. Notice that, since A 0 is odd, which is a contradiction to the primitivity. Now, one can easily check that this means that f a0 can take all the possible values modulo p. Hence, this imposes no restriction on m + a 0 , except the one already seen before gcd(m, a 0 ) = 1.
From Theorem 3, we know that the set of integers of the form 1 − 1 p .
